
T
h
e

N
P

=
P

C
o
n
je

c
t
u
r
e

a
g
e
n
e
r
a
l

in
t
r
o
d
u
c
t
io

n

b
y

C
h
a
r
l
e
s

W
.
N

e
v
il

l
e
,
O

c
t
o
b
e
r

2
0
0
0

c©
C

h
arles

W
.
N

ev
ille,

F
eb

ru
ary

2002

V
erb

a
tim

co
p
y
in

g
a
n
d

red
istrib

u
tio

n
o
f
th

is
d
o
cu

m
en

t

is
p
erm

itted
in

a
n
y

m
ed

iu
m

p
ro

v
id

ed
th

is
n
o
tice

a
n
d

th
e

co
p
y
rig

h
t

n
o
tice

a
re

p
reserv

ed
.

In
t
r
o
d
u
c
t
io

n

T
h
e

N
P

=
P

con
jectu

re
is

on
e

of
th

e
C

lay
M

ath
e-

m
atics

In
stitu

te’s
7

M
illen

n
iu

m
P

rize
P

rob
lem

s.
T

h
e

gen
erally

assu
m

ed
falsity

of
th

e
N

P
=

P
con

jectu
re

p
rov

id
es

th
e

(som
ew

h
at

sh
ak

y
)

th
eoretical

fou
n
d
ation

for
all

in
tern

et
cry

p
tograp

h
ic

secu
rity.

S
o

th
is

m
u
ch

is
k
n
ow

n
to

b
e

tru
e:

T
H

E
O

R
Y

=
B

IG
B

U
C

K
S

0
.

In
t
r
o
d
u
c
t
io

n

In
1971,

C
o
ok

p
roved

a
rem

arkab
le

th
eorem

:
A

m
on

g
th

e
class

of
p
rob

lem
s

w
h
ich

can
b
e

solved
q
u
ick

ly
b
y

in
sp

ired
gu

essin
g,

th
ere

is
a

h
ard

est
p
rob

lem
–

th
e

p
rob

lem
of

d
eterm

in
in

g
th

at
a

given
w

ell
form

ed
p
rop

o-
sition

al
calcu

lu
s

form
u
la

h
as

an
assign

m
en

t
of

tru
th

valu
es

m
ak

in
g

it
tru

e.
T

h
e

con
jectu

re
th

at
th

is
h
ard

est
p
rob

lem
can

also
b
e

solved
q
u
ick

ly
w

ith
ou

t
gu

essw
ork

is
k
n
ow

n
as

th
e

N
P

=
P

con
jectu

re.

1
.

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

C
on

sid
er

th
e

p
rob

lem
of

sortin
g

a
list

of
n

elem
en

ts.
T

h
e

tim
e

n
eed

ed
to

sort
su

ch
a

list
d
ep

en
d
s

on
th

e
p
articu

lar
com

p
u
ter

u
sed

,
b
u
t

w
ith

a
given

com
p
u
ter,

u
sin

g
th

e
p
rovab

ly
b
est

algorith
m

p
ossib

le,
th

e
tim

e
re-

q
u
ired

is
b
ou

n
d
ed

ab
ove

b
y

a
con

stan
t

M
tim

es
n

log
n
,

T
≤

M
n

log
n

U
sin

g
O

n
otation

,
w

e
say

T
=

O
(n

log
n
)

or
th

at
th

e
sortin

g
p
rob

lem
h
as

tim
e

com
p
lex

ity
O

(n
log

n
),

or
th

at
th

e
sortin

g
p
rob

lem
is

solvab
le

in
n

log
n

tim
e.



T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

L
et’s

lo
ok

at
th

e
sortin

g
p
rob

lem
m

ore
d
eep

ly.

A
.
It

takes
m

ore
tim

e
to

fetch
a

1
m

egab
it

record
th

an
a

32
b
it

in
teger,

so
w

e
n
eed

to
take

th
e

size
of

th
e

sorted
d
ata

item
s

in
to

con
sid

eration
.

T
h
erefore,

m
easu

re
th

e
size

of
th

e
list,

n
ot

b
y

th
e

n
u
m

b
er

of
d
ata

item
s

b
u
t

b
y

th
e

to
ta

l
n
u
m

b
er

o
f
b
its

n
eed

ed
to

rep
resen

t
all

th
e

item
s

on
th

e
list.

If
n

n
ow

rep
resen

ts
th

e
n
u
m

b
er

of
b
its

n
eed

ed
,
it

still
is

tru
e

th
at

T
=

O
(n

log
n
)

so
th

e
sortin

g
p
rob

lem
still

h
as

tim
e

com
p
lex

ity
O

(n
log

n
).

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

F
or

th
e

sortin
g

p
rob

lem
,
even

w
ith

a
T
u
rin

g
m

ach
in

e,

T
=

O
(n

log
n
)

(u
se

m
ergesort

w
ith

3
or

m
ore

tap
es)

b
u
t

for
oth

er
p
rob

lem
s

w
ith

R
A

M
m

ach
in

e
tim

e
com

p
lex

ity
O

(n
log

n
),

th
ere

is
a

q
u
ad

ratic
slow

d
ow

n
,
an

d
th

e
tim

e
com

p
lex

-
ity

ch
an

ges
to

O
((n

log
n
)
2).

T
h
e

reason
is

th
at

w
e

can
n
o

lon
ger

d
irectly

access
d
ata

on
th

e
tap

es,
b
u
t

in
stead

m
u
st

read
th

rou
gh

th
e

tap
es

to
reach

a
d
esired

d
ata

item
.

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

B
.
B

u
t

su
p
p
ose

n
is

so
large

th
at

w
e

can
’t

store
th

e
w

h
ole

list
in

m
em

ory,
b
u
t

m
u
st

u
se

tap
e.

T
h
en

w
e

ac-
tu

ally
h
ave

ch
an

ged
ou

r
m

o
d
el

of
com

p
u
tation

from

A
V

O
N

N
E

U
M

A
N

N
R

A
M

M
A

C
H

IN
E

to

A
T

U
R

IN
G

M
A

C
H

IN
E

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

S
o

T
IM

E
C

O
M

P
L
E

X
IT

Y
D

E
P

E
N

D
S

O
N

T
H

E
M

O
D

E
L

O
F

C
O

M
P

U
T
A
T

IO
N

b
u
t

fortu
n
ately

on
ly

b
y

an
ex

p
on

en
t

of
ord

er
≤

2.
A

n
d

in
gen

eral
w

e
h
ave

T
h
eo

rem
.

A
p
rob

lem
w

ith
R

A
M

m
ach

in
e

tim
e

com
-

p
lex

ity
O

(f
(n

)
h
as

T
u
rin

g
m

ach
in

e
tim

e
com

p
lex

ity
O

(f
(n

)
2)

or
b
etter.



T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

C
.
T

im
e

C
om

p
lex

ity
C

lass
P

an
d

P
oly

n
om

ial
T

im
e

A
lan

C
ob

h
am

in
tro

d
u
ced

tim
e

com
p
lex

ity
class

P
in

1964
to

p
rov

id
e

a
rob

u
st,

m
o
d
el

in
d
ep

en
d
en

t
tim

e
com

-
p
lex

ity
class.

D
ef.

A
p
rob

lem
lies

in
tim

e
com

p
lex

ity
class

P
if

a.
It

h
as

a
yes/n

o
an

sw
er.

b
.

T
h
e

an
sw

er
can

b
e

d
eterm

in
ed

b
y

a
p
rogram

ru
n
-

n
in

g
in

tim
e

O
(n

p)
for

som
e

ex
p
on

en
t

p
,
w

h
ere

n
is

th
e

n
u
m

b
er

of
b
its

n
eed

ed
to

sp
ecify

th
e

in
p
u
t

d
ata

for
th

e
p
rob

lem
.

If
a

p
rob

lem
lies

in
tim

e
com

p
lex

ity
class

P
,
w

e
say

it
ru

n
s,

or
is

solvab
le,

in
p
o
ly

n
o
m

ia
l
tim

e.

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

W
=

X
1
∧

(¬
X

2
∨

X
3 )
∧

X
2
∧

(¬
X

1
∨

X
3 )

X
1

X
2

X
3

W

T
T

T
T

T
T

F
F

T
F

T
F

T
F

F
F

F
T

T
F

F
T

F
F

F
F

T
F

F
F

F
F

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

D
.
T

im
e

C
om

p
lex

ity
C

lass
N

P
an

d
N

on
-D

eterm
in

istic
P
oly

n
om

ial
T

im
e

C
on

sid
er

a
w

ell
form

ed
form

u
la

(a
w

ff
)

in
th

e
p
rop

osi-
tion

al
calcu

lu
s,

for
ex

am
p
le

W
=

X
1
∧

(¬
X

2
∨

X
3 )
∧

X
2
∧

(¬
X

1
∨

X
3 )

W
e

m
igh

t
w

rite
d
ow

n
its

tru
th

tab
le

to
sh

ow
it

is
sat-

isfi
ab

le
(h

as
an

assign
m

en
t

of
tru

th
valu

es
m

ak
in

g
it

evalu
ate

to
T

R
U

E
),

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

T
h
is

takes

2
3

=
8

step
s
×

th
e

tim
e

n
ecessary

to
evalu

ate
th

e
form

u
la

on
ce.

O
r,

w
e

m
igh

t
m

ake
an

in
sp

ired
gu

ess
–

assign
each

of
X

1 ,X
2 ,X

3
th

e
valu

e
T

R
U

E
.
It

takes
m

u
ch

less
tim

e,

1
step

×
th

e
tim

e
n
ecessary

to
evalu

ate
th

e
form

u
la

on
ce,

to
ch

eck
th

at
th

e
gu

essed
tru

th
assign

m
en

t
m

akes
th

e
form

u
la

evalu
ate

to
T

R
U

E
.



T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

T
h
e

fi
rst

algorith
m

,
evalu

ate
th

e
tru

th
tab

le,
is

d
eter-

m
in

istic
an

d
can

b
e

im
p
lem

en
ted

on
a

R
A

M
com

p
u
ter

(or
T
u
rin

g
m

ach
in

e).
It

ru
n
s

in
T

=
O

(2
n
)

tim
e

(ex
p
o-

n
en

tial
tim

e),
w

h
ere

n
is

th
e

n
u
m

b
er

of
b
its

n
eed

ed
to

sp
ecify

th
e

form
u
la.

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

In
1971,

C
o
ok

in
tro

d
u
ced

tim
e

com
p
lex

ity
class

N
P

.

D
ef.

A
p
rob

lem
lies

in
tim

e
com

p
lex

ity
class

N
P

if

a.
It

h
as

a
yes/n

o
an

sw
er

b
.

W
ith

an
in

sp
ired

gu
ess,

th
e

correctn
ess

of
th

e
yes

an
sw

er
can

b
e

ch
ecked

(verifi
ed

)
b
y

a
p
rogram

ru
n
n
in

g
in

p
oly

n
om

ial
tim

e.

T
h
e

N
in

N
P

stan
d
s

for
n
o
n
-d

eterm
in

istic.
T

h
e

P

stan
d
s

for
p
o
ly

n
o
m

ia
l.

If
a

p
rob

lem
lies

in
tim

e
com

-
p
lex

ity
class

N
P

,
w

e
say

it
ru

n
s,

or
is

solvab
le,

in
n
on

-
d
eterm

in
istic

p
oly

n
om

ial
tim

e.

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

T
h
e

secon
d

algorith
m

is
n
o
n
-d

eterm
in

istic,
it

req
u
ires

in
sp

ired
gu

essw
ork

.

W
e

cou
ld

im
p
lem

en
t

it
on

a
com

p
u
ter

–
h
ave

th
e

com
-

p
u
ter

gen
erate

a
p
seu

d
o-ran

d
om

assign
m

en
t

of
tru

th
valu

es
an

d
th

en
ch

eck
th

e
resu

ltin
g

tru
th

valu
e

of
th

e
form

u
la,

b
u
t

w
e

w
ou

ld
h
ave

to
b
e

very
lu

ck
y

to
get

an
an

sw
er

of
T

R
U

E
.
A

n
an

sw
er

of
F
A

L
S
E

w
ou

ld
tell

u
s

n
ex

t
to

n
oth

in
g,

so
it

w
ou

ld
seem

th
at

th
e

n
on

-
d
eterm

in
istic

algorith
m

is
n
ot

very
u
sefu

l.
H

ow
ever

it
d
o
es

h
ave

th
e

m
erit

th
at

it
ru

n
s

q
u
ite

fast,
in

p
oly

n
o-

m
ial

tim
e

–
in

fact
in

lin
ear

tim
e,

ie.
in

tim
e

T
=

O
(n

)
–

w
ith

th
e

righ
t

gu
ess.

W
e

sh
all

see
later

th
at

n
on

-
d
eterm

in
istic

algorith
m

s
can

b
e

q
u
ite

u
sefu

l.

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

E
.
O

th
er

P
rob

lem
s

in
C

lass
N

P
.

T
h
e

B
o
o
lea

n
sa

tisfi
a
b
ility

p
rob

lem
,
th

e
on

e
w

e
ju

st
d
is-

cu
ssed

,
lies

in
class

N
P

.
H

ere
are

som
e

oth
er

p
rob

lem
s

in
th

e
class.

i.
In

teg
er

P
ro

g
ra

m
m

in
g.

G
iven

a
sy

stem
of

lin
ear

in
-

eq
u
alities

in
m

an
y

variab
les

w
ith

in
teger

co
effi

cien
ts,

d
o
es

th
e

sy
stem

h
ave

a
solu

tion
w

ith
in

teger
valu

es
for

th
e

variab
les.

ii.
Q

u
a
d
ra

tic
P

ro
g
ra

m
m

in
g.

G
iven

a
sy

stem
of

q
u
ad

ratic
in

eq
u
alities

in
m

an
y

variab
les

w
ith

in
teger

co
effi

cien
ts,

d
o
es

th
e

sy
stem

h
ave

a
solu

tion
w

ith
ration

al
valu

es
for

th
e

variab
les.



T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

iii.
G

iven
k

cities
an

d
a

k
×

k
m

atrix
of

in
tercity

d
is-

tan
ces,

is
th

ere
a

travelin
g

salesm
an

tou
r

w
ith

total
d
istan

ce
less

th
an

a
given

con
stan

t
M

.

iv
.

A
n
d

even
,
given

a
p
arab

ola
d
y

=
a
x

2
+

bx
+

c

w
ith

in
teger

co
effi

cien
ts,

d
o
es

it
p
ass

th
rou

gh
an

in
te-

ger
p
oin

t
(a

p
oin

t
w

ith
in

teger
x

an
d

y
co

ord
in

ates)
w

ith
x

co
ord

in
ate

in
th

e
in

terval
0
≤

x
≤

M
.

H
ere

M

is
a

p
re-assign

ed
p
ositive

con
stan

t.

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

T
o

see
w

h
y

factorization
is

h
ard

,
con

sid
er

th
e

follow
in

g
200

d
igit

in
teger,

740688775158586
756

92
51

79
51

430
59

23
61

93
447

47
70

77
48

672
819740657949691

729
76

22
88

90
022

03
75

88
02

524
41

28
05

68
103

664278331468595
649

56
93

90
17

143
36

05
68

43
776

95
25

71
31

673
900054953125746

900
62

28
00

62
457

16
10

88
81

002
89

50
59

57

I’ll
b
et

you
d
id

n
’t

k
n
ow

th
at

its
p
rim

e
factorization

is

150940249729344
526

09
98

36
59

962
77

04
74

51
139

49
34

35
86

738
388042587669154

958
84

70
41

13
536

03
81

34
44

238
67

98
91

12
21

×490716542795402
777

81
08

05
95

974
98

78
92

69
411

76
55

80
19

949
047442723983709

154
79

27
83

20
344

51
26

23
31

586
35

83
55

12
17

T
im

e
C

o
m
p
l
e
x
it

y
C

l
a
s
s
e
s

A
ll

of
th

ese
p
rob

lem
s

are
eq

u
ally

h
ard

,
in

fact
ex

actly
as

h
ard

as
th

e
B

o
olean

satisfi
ab

ility
p
rob

lem
,
b
ecau

se
each

can
b
e

red
u
ced

to
th

e
oth

ers.

H
ere

is
a

p
rob

lem
in

class
N

P
w

h
ich

is
b
elieved

to
b
e

very
h
ard

,
b
u
t

n
ot

as
h
ard

as
th

e
on

es
ju

st
m

en
tion

ed
.

iv
.

F
actorization

.

G
iven

an
in

teger
m

,
d
o
es

it
h
ave

a
factor

less
th

an
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